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^ ■ Abstract 

a. 

We generalize the classical Bernstein theorem concerning the construc- 
tive description of classes of functions uniformly continuous on the real 
line. The approximation of continuous bounded functions by entire func- 
tions of exponential type on unbounded closed proper subsets of the real 
^ ' line is studded. 

c3 ! 1. Introduction and Main Results 



oo 



For a closed unbounded set BcR, denote by BC(E) the class of (complex- 
valued) functions which are bounded and continuous on E . Let E a be the class 
of entire functions of exponential type at most o > and let 



> 



(N 



A a {f,E):= inf \\f - g\\ C (E) (f e BC(E)), 



m 

O ' where || • \\c(e) means the uniform norm over E . 

00 : 

The classical Bernstein direct and inverse theorems (see [22, p.p. 257, 340]) 
describe the relations between the smoothness of / G BC(R) and the rate of 
decrease of A a (f, R) as a — > oo . In particular, from Bernstein's results it follows 
that for / G BC(R) and < a < 1 , 

(1.1) A a (f, R) = 0{a~ a ) asff^oo 
if and only if 

(1.2) f /jR (<J) = °( 5a ) as 5 +0, 
where 

w/,r(5):= sup \f(x 2 )-f( Xl )\ (5>0). 

x l * x 2 ^=^- 
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The main objective of this paper is to extend Bernstein's results to the case where 
the function is considered on a proper subset of R . We mostly focus on the case 
where the number of components of E is infinite. Some aspects of this problem 
are considered in the recent papers by Shirokov [18], [19]. 



Let 



d(A, B) := dist(A, B) = inf \z - (\ (A,BdC), 

z<=A,(£B 



and let \B\ denote the one-dimensional Lebesgue measure (length) of BcC. 

Unless otherwise stated, we denote by C, C±, C 2 , . . . positive constants that are 
either absolute or depend on E only. 

The set E* := R \ E consists of a finite or infinite number of disjoint open 
intervals Jj = (aj, bj) . In the reminder of this paper we assume that E possesses 
the following two properties: for any j under consideration, 

(1.3) l^l<C!, 

We use the following examples to illustrate the forthcoming results and construc- 
tions. The examples show that the number of "holes" Jj can be infinite. 

Example 1. Let 

< c, < di < c,+i (I = 0,±1,±2, ...) 



be such that 
Then, the set 



di - ci> C 3 , Q+i — di< C 4 . 
E 1 = U£_ 00 [c l ,d l ] 



satisfies (1.3) and (1.4). 

Example 2. A direct computation shows that the set E 2 = R \ E\ , where 
E* 2 = U^U^s {(2j + 2~\l - AT 1 ), 2j + 2~ k ) 
U(2j-2^,2j-2- fc (l-A;- 1 ))} 

also satisfies (1.3) and (1.4). 

In the case of polynomial approximation of continuous functions on a finite 
interval [a, b] C R , the special role of the endpoints a and b is well-known. 
An elegant idea, suggested in [8], is to introduce a new modulus of continuity by 
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using the distance between the points on [a, b] that is not Euclidean. In the case 
of entire function approximation on E the endpoints of Jj also play a special 
role. We capture this effect by making use of a special distance between points of 
E in the definition of the modulus of continuity of a function / C BC (E) . This 
distance is defined as follows. Let H := {z : ^sz > 0} be the upper half-plane. 
According to Levin [15] there exist vertical intervals Jj = (uj,Uj + ivj], Uj G 
R, Vj > and a conformal mapping 

0:H^H £ :=H\(U,j;) 

normalized by 0(oo) = oo, (f>(i) = i such that <fi can be extended continuously 
to H and it satisfies the boundary correspondence <f>(Jj) = Jj ■ For x±,x 2 G E 
such that xi < x 2 set 

p E (x 1 ,x 2 ) = Pe(x 2 ,Xi) := diam (p([x 1 , x 2 ]), 

where 

diam B := sup \z - (\ (B C C). 

z,(eB 

In spite of its definition via the conformal mapping, the behavior of pe can be 
characterized in purely geometrical terms as follows. According to (1.4) 

(1.5) d(Jj, E* \ Jj) >C 5 \Jj\, C 5 = C 2 1/2 . 

Let constant C be fixed such that < C < min(l,C5/2) . For any component 
Jj of E* , denote by Jj the open interval with the same center of the length 
(1 + C)\ Jj\ . For x±,x 2 E E such that x\ < x 2 consider the function 

T E (xi,X 2 ) = T E (X 2 ,X 1 ) = T E ,c{xi,X 2 ) 



\Jj\ 



d([x 1 ,x 2 ], Jj) 



V 2 

(x 2 — Xi), if xi, x 2 G Jj for some j and 
x 2 - xi < d([a:i,a;2], Jj), 



| Jj\ 1 ^ 2 (x 2 — Xi) 1 / 2 , if Xi,x 2 G Jj for some j and 

d([xi,x 2 ], Jj) <x 2 -x 1 < %\Jj\, 

k x 2 — xi, otherwise. 



Theorem 1 For x±,x 2 G E , 

(1.6) -!tTe(x 1 ,x 2 ) < p E (x 1 ,x 2 ) < C 6 t e (x 1 ,x 2 ), 

where C 6 = C 6 (E,C) > 1 . 
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Notice that according to Theorem 1 

(1.7) Pe(xi,x 2 ) > C 7 \x 2 - xi| (x 1 ,x 2 EE). 

The main result of this paper is the following analogue of (1.1)-(1.2): for / G 
BC(E) and < a < 1 , 

(1.8) A a (f, E) = 0(a- a ) asff^oo 
if and only if 

(1.9) w},e( s ) = °(<H as 5 ^ +0, 
where 

u} tE (6):= sup \f( X2 )-f( Xl )\ (5>0). 

p E (x 1 ,x 2 )<6 

The statement (1.8)-(1.9) follows immediately from the direct Theorem 2 and the 
inverse Theorem 3 below. 

Let u(S),5 > be a function of modulus of continuity type, i.e., a positive 
nondecreasing function with u(+0) = such that 

(1.10) u(t5) <2tuj(5) (5>0,t>l). 
Denote by BC*(E) the class of functions / G BC{E) satisfying 

u>l E {8)<u{8) (5>0). 

Theorem 2 For f G BC*(E) and a > 1 , 



I-!!) A a (f,E)<C 8 [^^+u;< 1 



Theorem 3 Let f G BC(E) and let 



A a (f,E)<co[-) (<t>1). 



x (7 

TTien /or Xi, x 2 G , 

(i.i2) i/^)-/^)! <c 9 n{p E ( Xl ,x 2 )), 

where 

m := 5 (\\f\\cw + f s ^) (o < 5 < 
and Q(5) := Q(l/2) /or 5 > 1/2 . 



Let us introduce the notation we will be using throughout the paper. We con- 
tinue to use the convention that C,C±, . . . denote positive constants, different in 
different sections and depending only on inessential quantities. For a, b > we 
write a ^ b if a < Cb . We also write a x b if a -< b and b -< a simultaneously. 

Let for z G C and 5 > , 

D(z, 5) := {C : |C - z\ < 5}, C(z, 5) := {C : |C - A = 5}, 

D(5):=D(0,5), C(5):=C(0,5), 

'.— H, H_ '.— C \ H+. 

N:={1,2,...}, N :={0,1,...}. 

The rest of the paper is organized as follows. Since a significant number of 
proofs in this paper depends on the techniques for estimation of the module 
of path families, Section 2 contains a brief summary of the appropriate results 
from geometric function theory. In Section 3, we compile certain facts about 
the Levin conformal mapping. In particular, the proof of Theorem 1 is given in 
this section. Sections 4-6 present preliminary results for the proof of Theorem 
2 given in Section 7. Specifically, in Section 4, we construct auxiliary domains 
and study their conformal mappings onto a half-plane. Section 5 summarizes the 
relevant material on the continuous extension of functions from a closed subset 
of R into C . Section 6 provides an exposition of some facts from the theory of 
entire functions. In Section 8, we prove Theorem 3. 

2. Auxiliary Results about Conformal Mappings 

In this section we discuss mostly known results which concern the distortion 
properties of some conformal mappings. The results are stated in the form con- 
venient for further exposition. 

As usual, a Jordan curve is a continuous image of a closed interval without 
intersections (except possibly endpoints). By a curve we understand a locally 
rectifiable Jordan curve without endpoints. We define a path to be the union of 
finitely many mutually disjoint curves. We use T, Ti, . . . to denote path families. 
We may use the same symbol for different families if it does not lead to confusion. 
For a path family T denote by m(T) its module, see [2], [14], and [11]. In the 
sequel we refer to the basic properties of the module, such as conformal invariance, 
comparison principle, composition laws, etc. (see monographs cited above for 
more details). As a rule, we will use these properties without further citations. 

Special families of separating paths play a useful role. Let G C C be a domain. 
We say that a path 7 e G separates sets A C G and B C G if 7 consists of 
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a finite number of crosscuts of G and any curve J C G joining A with B 
has nonempty intersection with 7 . We denote by T(A; B; G) the set of all such 
paths. Sometimes, more sophisticated families of separating curves are used. Let 
G be a compactification of G by prime ends in the Caratheodory sense (see 
[17]). A point z G G can also be understood as a prime end Z G G defined by a 
chain of concentric circles converging to this point. We say that a crosscut 7 C G 
separates Zi,Z 2 ,... G G from Zi,Z 2 ,... G G in G if G \ 7 consists of two 
connected components such that one of them is adjacent to Zi, Z 2 , . . . and the 
other to Zi, Z 2 , . . . (the adjacency means that in the domain and the subdomain 
a prime end can be defined by the same chain of crosscuts or concentric circles). 
We denote by V(Zi, Z 2 ,...;Zi, Z 2 , ...;G) the set of all such crosscuts. 

The examples below state some well-known facts concerning special path fam- 
ilies. 

Example 3. For < a < 2tt and < 77 < r 2 , let 

Ti = {lr = {re td :0<9< an} : 77 < r < r 2 }. 



Then 
(2.1) 

(see [7, p. 8]). 



m(ro 



1 . r 2 
— log — 

an T\ 



Example 4. Let Zi,z 2 ,Z3 G C be distinct points satisfying \z± — z 2 \ < \zi — z^\ . 
Then, for the module of T 2 = F(zi, z 2 \ z 3 , 00; C) we have 



(2.2) 



— log 

2tt & 



zi - z 3 



Zl - z 2 



< m(Y 2 ) < — log 
Zn 



zi - z 3 



zi - z 2 



(see [7, pp. 98-99]). 



Example 5. Let Z\ G R and z 2 ,z 3 G H be distinct points and let F 3 = 
T(zi, z 2 ; Z3, 00; H) . If \zi — z 2 \ < \zi — z$\ then 



(2.3) 



TT 



log 



Zl - z 3 



zi - z 2 



< m(r 3 ) < - log 



TT 



If \zi — z 2 \ > \zi — z 3 \ then 
(2.4) 

(cf. [7, p. 35]). 



m(r 3 ) < 2 



zi - z 3 



Zl - z 2 



+ 2. 



Example 6. For z G H and ( G H let T 4 = T(z; (, 00; H). Reasoning similar 
to that in the proof of (2.3) and (2.4) demonstrates that if ^z < \( — $tz\ then 



(2.5) 



- log ^ l - < m(r 4 ) < - log ^ — 1 + 2, 



TT 



xsz 



TT 



xsz 
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and if & = (eR, then 

(2.6) m(r 4 ) < 2. 

Example 7. Let < r < R and let curves / r C £>(r) n H and l R C H \ D(R) 
be such that 

OeZ r ,c3oeZ fl , C(r)nZ~^0,C(i2)nfo^0. 

Denote by T 5 the family of all crosscuts of G — H \ (/ r U Ir) joining l r to Ir . 
Then 

(2-7) m(r 6 ) > - " fl . 

2tt + log f 

Indeed, let z r E C{r)C\l r and z R e C(R)C]l R . According to (2.3), for the family 
T 6 of all crosscuts of G which separate l r and / R we have 

1 -R 

m(r 6 ) < m(r(0, z r ; ^, oo, H)) < - log - + 2. 

7r r 

Since m(r 5 )m(T 6 ) = 1 , we obtain (2.7). 

Example 8. Let < r < R and let S± be open sets consisting of disjoint 
intervals (cf, df) such that 

S + = U,(c+ df) C (r, S_ = U,(c-, dj) C -r), 

(2.8) d((cf, df), {0} U 5 ± \ (cf, df)) > C,(df - cf), 

(2-9) Ef ^" ± C L V<^- 

^ ' mm{c=, d^} ' 
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Denote by L 7 the family of all paths in 

Q = {z e H : r < |*| < R} 
which separate (r, i?) \ S + from (— i?, — r) \ 5_ . 

Lemma 1 Under the above assumptions, 

R „ \ /, iT 



(2.10) m(r 7 ) < log - + C 3 J (k>g ^ 

where C 3 = C 3 (C U C 2 ) . 

Proof. We essentially follow the outline of the proof of [6, Lemma 4]. Let f/j* 1 be 
the open interval with the center in (cf + df)/2 and the length (l + Ci/3)(df — 
cf) . Let 

V; = (ef, ff) := (r, i2) n Uf, Vf = (ej, f~) := (-R, -r) n £/~, 
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and let 



:= { z = rt : e+ < r < /+ < 9 < C 4 \og^ } . 



z = re w : -fr <r< -ej , vr - C A log < 9 < n } , 



where, by virtue of (2.8), C4 can be chosen such that 
Consider the metrics 

if z g Q, 



0, elsewhere in C, 
C 5 (/f - ef)-\ iizeRf, 



0, 



elsewhere in C, 



where C 5 is chosen such that for any 7 G T 7 with 7 fl [cf, df] 7^ we have 



pf(z)\dz\ > 1. 



According to our construction, for an arbitrary 7 G T 7 and 



we obtain 
(2.11) 

Since by (2.9) 



p(z) = max] p*(z)^^pf{z) 

± 3 



log^- 



R 

p(z)\dz\ > log — . 

r 



p(z) 2 dm(z) 



< 



(2.12) < 7Tlog- + C 6 , 

r 



± j 



(J c f$(z) 2 dm(z)) 









where dm(z) stands for the 2 -dimensional Lebesgue measure (area) on C, the 
definition of the module (see [14, p. 132]) as well as (2.11) and (2.12) yield (2.10) 
with C3 = Cq . 

□ 

Next, we cite a result by Jenkins and Oikawa [12] concerning Ahlfors' funda- 
mental inequalities. 

Lemma 2 ([12, inequalities (1) and (3)]) For < r\ < r 2 < 00 , let 

Q = Q(r 1 ,r 2 ) := {re ie : r x < r < r 2 , -0i(r) < 9 < 9 2 (r)}, 

where the functions 9j, j = 1,2 have finite total variation Vj on [r 1 ,r 2 ] and 
satisfy 

0<9 < 9j{r) < 2tt. 

Then, for the module of Q , i.e., the module of the family Y = T(Q) of curves 
separating in Q its boundary circular components, we have 



dr f dr ir /T r T _ 



I (9 1 (r) + 9 2 (r))r^ , '^ J ^ J (9 1 (r) + 9 2 {r)) r ' 9\ 

In the proof of Theorem 2 we use a statement whose analogue for the case of a 
domain including 00 is due to Belyi (see [7, pp. 65-66]). 

Let G C C be a simply connected domain such that i E G and 00 G L := dG . 
Denote by $ : G — > H a conformal mapping satisfying = i,$(oo) = 00 

and let * := "I)" 1 . For £ G D* := {£ : |f | > 1} denote by T 8 (£) the family of 
all crosscuts of D* which separate £ from £. The module of r 8 (£) satisfies 

( , 13) m(r8K)) <2 log M|iizll) 

(see [5, p. 113]). For rGH,Sr^0 denote by r 9 (r) the family of all crosscuts 
of H which separate r from — r . Conformal invariance of the module implies 
that 

(2.14) m(r 9 (r))=m(r 8 (0), £ = ^±1. 

t — 2 

Let a = 7^ and < 6 = < 1/2. Elementary computation involving 
(2.13) and (2.14) shows that 

(2.15) M)) <1^*JM±R. 

71 



b 
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Lemma 3 Let T\ and r 2 be such that < Qti = Sr 2 < 1/2, 9?(r 2 — T\) = 2a ^ 
and Ze£ (? = ^( T j), 3 = 1,2. T/ien 



(2-16) 



Proof. According to (2.15) for T 10 = r(n;r 2 ;H) 
(2.17) 



,„ , 2, 8v^(|a|+6) 
m(r 10 ) < -log^AU 

71 



In order to prove (2.16) we can assume that 

IC1-C2I >d:=d(d,L). 

By virtue of (2.1), for 

r n = {C(Ci,r): rf< r <|C 1 -C 2 |} 

we obtain 

(2.18) m(rn) = i log ^r^ 

Since any 7 G T u includes a subarc which belongs to ^(ri ) , we have 

m(r n ) <m(*(r 10 )) = m(r 10 ). 

Comparing the above inequality with (2.17) and (2.18) we obtain (2.16). 



□ 



Lemma 4 Let Sri = l/o - , 0- > 2, r 2 = n + t, t E R, (? = J = 1, 2 . TTien 

/orzeC\G, 



C2 - ^ 



Ci-* 



< C(l + cr|t|) 4 C = 2 i4 + 1. 



Proof. Letting a — t/2 and b—l/a in Lemma 3 we have 



Ci-* 



< 



C2-C1 



(i-z 



+ l<(2 14 +l)(l+a|t|) 4 . 



□ 



The domains which appear in this paper do not have inner cusps on the bound- 
ary. That is, following [21] we say that C \ G —: K e H if any points z, ( € K 
can be joined by a curve 7(2, Q d K such that 



|7(*,0I<C7|*-CI, C 7 = CV(X)>1. 
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In the case where oo G G and K G H the geometric properties of G are 
studied in [3], [4]. In this paper we assume that oo G L = dG and formulate 
some obvious modifications of results and constructions from these papers. 

For the rest of this section we assume that K G H and the constants in the 
inequalities depend only on K . Let G be the compactification of G by prime 
ends (see [17]) and let L :— G \ G . If L is a Jordan curve, then L — L. 
Since K G H all Z G L are of first kind, i.e., they have singleton impressions 
\Z\ = z G L . For Z G L and r > denote by 7 Z (r) = 7z(r, G)cGn C(z, r) 
a crosscut of G which separates Z from oo . For our purposes it is sufficient to 
assume that for any Z G L and r > the crosscut 7z(j) is defined uniquely. 
We use the same symbol $ to denote the homeomorphism between G and H 
which coincides in G with the mapping $ and let ^ = . 



First, note that for Z G L and r > , 
(2.19) 



sup |$(C)-$(Z) 

CS7zO) 



inf ; |$(C)-$(Z) 



(cf. [4, Lemma 2]). 



If < r < R then 7z(r) and 7z(-R) are the sides of some quadrilateral 
Qz(r, i?) = Qz(^, R,G) C G whose other two sides are parts of the boundary L . 
Let mz{r, R) = mz{r, R, G) be the module of this quadrilateral, i.e., the module 
of the family of curves that separate the sides ^ z (r) and 7z(-R) in Qz(r,R) . 

Lemma 5 ([4, Theorem 2]) Let Z G L and < r\ < r 2 < r 3 . Then 
< mzin, r 3 ) - (m z (r 1 ,r 2 ) + m z (r 2 , r 3 )) z< 1, 

— log — < m z {ri, r 2 ) ^ log hi. 

Moreover, for any Q G Jz(fj), j — 1, 2, 

m z {r u r 2 ) < m(Y(Z, Ci; C2, 00; G)) < m z (ri, r 2 ) + C 8 . 



Lemma 6 (7#, Lemmas 2 and 3]) Let Z G LX1X2 G G,u> = $(Z),r fc 
3>(Cfc)> ^ = 1, 2 6e snc/i i/iai = 9ftri = 9?t 2 , Qti < Qt 2 . T/ien 



(2.20) 
(2.21) 

(2.22) 



\z - Ci| d k - C2I, 



d(Ck,L)> 


<ia- 




W — T\ 


2 


2; — 


Ci 




W — Ti 


w - r 2 


z — 


c 2 


w - r 2 



c 
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The analysis of the proof of the left-hand side of (2.22), given in [3], shows that 
in the case \Z\ = z G R and G C H , it can be replaced by a sharper one 



(2.23) 



W — T\ 



-< 



z-Ci 



z-( 2 



W - T 2 

For Z G L, ( G G , and 5 > set 

z s :=*($(Z)+i6), Cs :=*(*({) 

Lemma 7 ([3, Lemma 4]) Under the above notation if |$(C) — < CgS 

then 

-^-\z- z s \ < |C - 0>| < C w \z - z s \, 

WO 

where C w = C 10 {G,C 9 ) > 1 . 

For Z G L, Z G G and z = \Z\,( = \Z\ we denote by rz{Z) the supremum of 
those r > for which the arc jz(f) separates Z from Z . By the definition of 
the class H we have 

(2.24) r z {Z) >C n \z-C\. 

Moreover, if C G G satisfies K$(C) = m(Z) , then 



(2.25) 

(cf. [4, p. 61]). 



rz(()<C 12 \z-(\ 



Lemma 8 Let x G R, 5 > 0, z G H n C(x, 5) , and let W = V(x),w 
^(z),t=\T\,w 5 = ^(x + i5). Then 



\W\,T = 



(2.26) 



| it; — t\ ^ \w — ws\- 



Proof. If |xt7 — tj > — ws\ we consider 

Ti = T(x, z; x + i5, oo; H), 

^2 = {C(w,r) : C 12 \w -w s \<r< C n \w - t\}. 
According to (2.1), (2.4), (2.24), and (2.25) 

2 > m(ri) = m(tt(ri)) > m(r 2 ) = -*-log 

which implies (2.26). 





- t\ 


Cl2 |W " 


- ws\ 



□ 
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3. The Levin Conformal Mapping 



In this section we discuss metric properties of the Levin conformal mapping (f) 
introduced in Section 1. We extend <fi continuously to R. This extension can 
be understood in two different ways: either (i) for igR the value of 4>{x) is a 
point from OHe or (ii) values of on R are prime ends in \ H^. Below 
we denote either extension by the same letter $ . 

Since by (1.3) and (1.5) E is relatively dense with respect to the linear Lebesgue 
measure, i.e., there exist C\ and C 2 such that 

|[x,x + Ci] nE\ > C 2 (ieR), 

according to [16, Theorem 3.9] for any component Jj = of E* and its 

image Jj := <f>(Jj) we have 

\Jj\ 1 1 

as well as 

(3.1) |0(z)| + lx \z\ + l (zeU). 

The set E consists of disjoint components which are either points or closed 
intervals. Denote by Tj = [cj,a,j] and Rj = [bj,dj] the components of E that 
adjoin Jj and let Tj := (f)(Tj),Rj := (j)(Rj). 

Lemma 9 The following holds: 
(3.2) 
(3.3) 

Proof. In order to prove (3.2) we can assume that | J'| > |Tj| . Consider families 
of crosscuts 

r ± — r(cj, dj-, bj, 00; h), r 2 = {%r)nH: |t;i < r < |Jj|}. 

By virtue of (1.5), (2.1), and (2.3) 

1 \J'\ 

-log^ = m(r 2 )<m(0(r 1 )) 

1 \T-\ + I J- 1 
= m(ri) < - log 1 J ' Jl +2 r< 1, 













1^1 



7T 

which establishes the formula (3.2). 
Similar argument applies to the proof of inequality (3.3). 



13 



□ 



Lemma 9 implies that C \ Hg G H , i.e., and its inverse mapping ip := <p 1 
satisfy the properties mentioned in Section 2. In particular, let for x E E and 

<5>0, 

£ 5 := {z G H : Skftz) = 5}, p s (x) := d(x, E 5 ). 
Denote by x* 5 G E s any point satisfying $lx* s = . We claim that 



(3.4) 



\x - x* s \ di Ps{x). 



Indeed, let z G Eg be such that \x — z\ = p$(x) . If \x — x}\ > pg(x) , consider 
families of curves 

r x = r(x,z;x* s ,oo;H), T 2 = {C(i,r)nH: ^(x) < r < 

According to (2.1), (2.21), and Lemma 5 

- log = m(r 2 ) < m(r\) = m(0(r x )) =< 1, 

7r pa(x) 

which yields (3.4). 
Comparing (3.4) and (2.21)-(2.23) for < 5 < A we obtain 



(3.5) 



1) 1/C _< M*) 

a; _ pa(x) 

where C is the constant from (2.22). 



x — x 5 



x — X, 



4. 



Lemma 10 Lei Xi,x 2 G -E 1 , Xi < x 2 ,W k = 4>(xk) G \ H^, \W k \ = w k G 
R, fc = 1,2. Then 



(3.6) 



diam 0([xi,x 2 ]) x \w k -(f)(x k + i(x 2 - Xi))\ (k = 1,2). 



Proof. We only consider the case k = 1 . The proof for the other case is similar. 
Let 5 — x 2 — x±, T\ = <f>(xi + iS) . Consider the curve 

J = [ Xl ,xi+iS\ U \z = 5e w : < 9 < |} . 

By virtue of (2.20) and Lemma 8 

diam <f>(J) di \wi — Ti|, 

which implies that 

(3.7) B :— diam (f>([xi, x 2 ]) d \wi — t±\. 
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To prove the opposite inequality, according to (2.24) we can assume that B < 
r Wi( T i) ■ Further, consider 

r = T(W 1 ,W 2 ;T 1 ,oo;H E ). 

Lemma 5 and (2.4) yield 

log TWx ^ x < mw^B^w^n);^) 
< m(r) = m(^(r)) < 2, 
which, together with (2.24), implies that 
(3.8) Bhr Wl (n) h ki-n|. 

Comparing (3.7) and (3.8) we obtain (3.6). 



□ 



Lemma 11 The following holds: 

(3.9) |Jj| x \J 3 \. 

Proof. For sufficiently large R E E consider 

T 1 =T(a j ,b j ;R,oo;-ti), T 2 = {C(uj, rjflH: | Jj| < r < ( R - Uj }, 

where Zr := <f>(R) and (r '■= \%r\ ■ 
By (2.1) and (2.3) 

-log^^ = m(r 2 ) < m^ro) 

._, . 1 , R — CLj 

= m(ri) < - log— ^ + 2, 

71 \J~ 



which implies that 



| Jj | i? — CLj 



\Jj\ Cr-Uj 

Letting R — > oo and using (3.1) we have 

(3.io) b 
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In order to prove the opposite inequality, for sufficiently large R consider the 
family T 3 of all crosscuts of H \ (Jj U {uj + iv : v > R}) joining Jj with 
{uj + iv : v > R} . Let f 4 = {7 n H £ : 7 G T 3 }. According to (2.7) 



(3.11) 



m(r 4 ) > m(r 3 ) > 7T ( lo g^J^ 



Moreover, by virtue of (3.1) there is a constant C 4 such that for sufficiently large 
R 



ip(uj + iv) 



bj - aj 



> C 4 R (v > R). 



Let T5 be the family of all paths in 



Q 



\J<\ 



< 



bj + aj 



< C A R 



which separate (r, R) \ E* from (— R, — r) \ E* . By (1.4) and Lemma 1 

-2 



(3.12) m(r 4 ) = m(V>(r 4 )) < m(T 5 ) < tt log 



C5R 
\Ji\ 



log 



2C4R 



J 3 \ / V I^J 

Comparing (3.11) and (3.12) and letting R — > 00 we obtain 



(3.13) 



which gives (3.9) when combined with (3.10). 



□ 



For x e E and 5 > let W := (f)(x),w := IW^iuj := 0(x + ?<5). The next 
three lemmas state estimates for the quantity \w — w$\ ■ 



Lemma 12 The following holds: 

(3.14) \w-ws\hS. 

Proof. For sufficiently large R G E consider 

Ti = F(x, x + i5] R, 00, H), 

r 2 = {C(«;,r)nH: C 12 \w - w s \ < r < C u \w - ( R \}, 

where C\\ and Cyi are the constants from (2.24) and (2.25); and C,r is the 
impression of the prime end 4>(R) . According to (2.1) and (2.3) 

2 + - log > m(ro = m(0(ro) 

. . 1 Cu\Cr — w\ 

> m(r 2 ) > - log- 



7T G12 W<5 - IU 
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from which, after taking into account (3.1) and letting R — > oo , we obtain (3.14). 

□ 

Let Jj be as in Section 1, i.e., it is the open interval with the same center as 
Jj and the length (1 + C)| Jj\ where C is sufficiently small. 

Lemma 13 For x G R \ Uj Jj , 

(3.15) \w — ws\ 8- 

Proof. Essentially, we have to mimic the proof of (3.13). Hence, we only sketch 
it. For sufficiently large R let 

S = {t = (f)(x + it) : < t < 5}, 

T = T R = {t = (f)(x + it) : t > R}. 
Consider the family Ti of curves joining S and T in H \ (S U T) . Let 

r 2 = { 7 nH s : 7 G Yi}. 

According to (2.7), (2.20), and (3.1) 

C e R 



(3.16) m(r 2 ) > m(rx) > vr log 



\w — Ws\ 



Furthermore, by virtue of (1.4) and Lemma 1 for the module of the family of 
all paths in 

Q = {z e H : 5 < \z - x\ < R} 
which separate (5, R) \ E* from (— R, —5) \ E* we have 

(3.17) m(r 3 ) < tt ^log (\ogj 

Since 

m(r 2 ) =m(^(r 2 )) <m(r 3 ), 
comparing (3.16), (3.17) and letting i? — > oo we obtain (3.15). 

□ 

Lemma 14 Let x e Jj /or some j . 
(i) If $ < d(x, Jj) , then 



(3.i8) l--^(^y) 5 - 



IJ, 



1/2 
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(ii) If d(x, Jj) < 5 < \Jj\ , then 



(3.19) 



\w 



Ws\ 



(Hi) If S> 
(3.20) 



Jj \ , then 



\w 



5. 



Proof. Without loss of generality we assume that x >bj , i.e., x G Rj = [bj, d 3 ] . 
First, we provide some auxiliary estimates. According to the definition of Jj 

(3.21) x-b 3 <C\J,\< l -\R 3 \. 
We claim that 

(3.22) W-Uj Vj = \J' 3 \. 

Indeed, by (2.3), for the module of the family 

Yi = r(aj, bj] x, oo; H) 

we have 

(3.23) toQV) < ilog^^- + 2 r< 1. 

7T bj-Uj 

on the other hand, if w — Uj > Vj , by virtue of (2.1) 

) 7/; — 7/ - 

(3.24) m(r\) = m(0(rO) > m{Y 2 ) = - log 3 -, 

7T Vj 

where 

T 2 = {C(uj, r) n H : Vj < r < w - Uj}. 
Comparing (3.23) and (3.24) we obtain (3.22). 
Furthermore, 

(3.25) w- Uj -(x- bj) 1/2 \Jj\ 1/2 . 
Indeed, by (2.3) and (3.21), for the module of the family 

T 3 = r(x,bj;aj,oo;H) 

we have 

(3.26) - log < m(r 3 ) < - log + C 8 . 

7T X — bj 7T X — bj 

On the other hand, making use of Lemmas 2 and 5, we have 

2 I J- 1 2 I J- 1 

(3.27) - log —1— -C 9 < m(0(r 3 )) < - log + C 9 , 

71 W — Uj 71 W — Uj 
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which, together with (3.9), (3.22), and (3.26), implies (3.25). 

We are now in a position to prove (3.18)-(3.20). We compare the modules 
of pares of conformally invariant families of curves in H and Hg. Since the 
reasoning mimics the proof of (3.25) we only indicate the appropriate choice of 
the families of crosscuts leaving the details to the reader. 

(i) In this case, by (2.19) and Lemma 6, \w — Ws\ d w — Uj and for the family 

T 4 = F(x, x + iS; bj, oo; H) 
according to (2.3) and (2.4) we have 



as well as 



Therefore, 



1, x — bj . 1 , x — bj 

- log — < m r 4 < - log — + 2, 

no no 



1 , W — Uj ^ , 1 W — Uj 

- log 1 ^ - Cio < m r 4 < - log 1 3 - + Cio. 

7T w — Ws\ TT \w — Ws\ 



i i W — Uj 

\w - w 5 \ x —6, 

X-bj 



which, when combined with (3.25), gives (3.18). 

(ii) In this case, by (2.19) and Lemma 6, w — Uj ^ \w — w$\ ^ | Jj| and by 
virtue of (2.3) for the family 

T 5 = T(x, x + i5] cij, oo; H) 

we obtain 

I i og \1A < m (r 5 ) < I log i^i + 2. 
no no 
Since, by Lemmas 2 and 5, 

- log |Jjl - C n < m(0(r 5 )) < - log |Jjl + C u , 
n \w — ws\ n \w — ws\ 

the two above double inequalities, together with (3.9), imply (3.19). 

(iii) The part \w — w$\ >z 8 follows from (3.14). In order to prove the opposite 
inequality \w — w$\ ^ 5 we have to repeat the proof of (3.13) word for word. 

□ 

Proof of Theorem 1. According to Lemma 10 

p E (x 1 ,x 2 ) x \wi - Ti|, 

where W\ = \Wi\, W\ = (f>(xi) , and T\ = <f>(xi + i\x 2 — x±\) . Therefore, Lemmas 
12-14 imply (1.6). 

□ 
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4. Auxiliary Domains and Their Conformal Mappings 



In this section, starting with E and E* = UjJj = Uj(a,j, bj) , we construct two 
auxiliary domains G± D H± and study their conformal mappings onto H± . 

Consider the curves 

Sj~ := [aj — 2itj, bj — 2itj] U {z : \z — (a,j — itj)\ = tj, Jfc < a,j} 

U{z : \z — (bj — itj) \ = tj, > bj}, 

where tj := C 5 | Jj\/3 and C 5 is the constant from (1.5). Denote by G + D H + 
the Jordan domain bounded by 

L+ = 8G+ = E U (UjSf) 

and let 

G- := {z : z e G + }, L~ := dG_, S~ := {z : z G 5+}. 

Denote by 0± : G± — > H ± the conformal mapping normalized by 

0±(oo) = oo, (f)±(±i) = ±i, 

and let ip± '■= 0± X be the inverse mapping. By the symmetry 

<f>+(x) = <f>-(x) (x e E). 

Since, by (1.5) C \ G± G H , the conformal mappings <f>± and ip± possess 
appropriate properties stated in Section 2. 

Lemma 15 For z G G± , 

(4.1) |0±(z)| + lx|z| + l. 

Proof. Let w = w^ 1 = <fi±(z) . Without loss of generality we can assume that z G 
H±, \z\ > 2d(i,E), and \w\ > 1. According to (2.5), for Ti = T(±i; z, oo; G±) 
and T 2 = r(±i; oo; H±) we have 

(4.2) - log |w| < m(^±(ri)) < - log \w\ + 2, 

7T 7T 

as well as 

(4.3) m(ri) < m(r 2 ) < — log |^| +2. 

7T 
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Comparing (4.3) and the left-hand side of (4.2) we obtain 
(4.4) \w\ ^ \z\. 

Furthermore, let x G E be such that \x =p i\ = d(i, E) =: d and let 

T 3 = {lx{r, G±) : d < r < \z\ - d}. 

Notice that 

\' A ~ d dr 



m(r\) > m(r 3 ) = / 

Jd 



a |7x(r,G±)| 
> l M ' 2 ^ _ 1 /' 2 ' l7x(r,G ± )l-7rr dr 



vrr 7T 2 y d r 2 



Since, by our assumption (1.4) 



7d ^ 2 



we have 

(4.5) m(rO > log |^| -d, 

which, together with the right-hand side of (4.2), implies that 

M — \A- 

Comparing the above inequality with (4.4) we obtain (4.1). 



□ 



Denote by Tj = [cj,aj] and Rj = [bj,dj] the components of E adjoint to Jj 
and let 

s*-.= Msf), T;:=MTj), Rj ■= <fi±(Rj)- 

Lemma 16 The following holds: 

(4.6) \S*\ r< \T*\, 

(4.7) \S*\ i 

(4.8) x |J,|. 

Proof. By virtue of (1.5), (2.2), and (2.3) for 

r\ = T(aj, bj] cj, oo; G±), T 2 = r(a_,-, fy; c,-, oo; C) 
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we have 

1 b — c- 
1 =< 77- log 1 < m(r 2 ) < m(ri) 

Z7T Oj — dj 

= m(^(rO)<-logJ2l±Sl + 2 , 

^ I^jI 

from which (4.6) follows. 
The same reasoning applies to the proof of (4.7). 

In order to prove (4.8), for sufficiently large R consider the points R G E,t R := 
(f>±(R) and families of curves 

T 3 = r(aj, bj] R, oo; G±), T 4 = T(aj, by, R, oo; H ± ), 

T 5 = {7 % (r, G±) : | < r < i? - a,}. 
According to (2.3) we obtain 

(«) ilog^|^<m(Wr 3 ))<Ilo g ^!±M + 2, 

7T j 7T | | 

(4.10) m(r 3 ) < m(r 4 ) < - log + 2. 

^ \Jj\ 

Moreover, using the assumption (1.4) and reasoning as in the proof of (4.5) we 
have 

(4.11) m(r 3 ) > m(r 5 ) > - log - C 2 . 

71 \ J j\ 



The inequalities (4.9)-(4.11) yield 



\Jj\ R-aj 
Letting R — > oo and applying (4.1) we obtain (4.8). 

For x G E, ( G G± , and a > set 

£ := V± (<M0 ± ^) , 

L±:=|CGG ± : 3f0 ± (C) = ±U, :=d(x,L±nH±). 



□ 
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Lemma 17 For x G E , ( G H± D D(x, d a (x)) , and a > 1 we have 

(4.12) \x±-x\ -<d a {x), 

(4.13) \£-C\~d c {x), 

(4.14) \C-x\hd a (x). 

Proof. According to (2.24), in order to prove (4.12) we can assume that d a (x) < 
r x (Xp,G±) =: B . Consider 

r\ = F(x, z\ xf, oo; G±), T 2 = {C(x, r) : d a (x) < r < B}, 



where z G fl H ± is such that \x — z\ — d a (x) . By virtue of (2.1) and (2.4) 

m(T 2 )<m(T 1 )=m(<P±(T 1 ))<2, 



1 i B 



2tt to d a (x) 
which, together with (2.24), implies (4.12). 
The inequality (4.13) follows immediately from Lemma 7 and (4.12). 
Furthermore, by Lemma 6 

(4-15) le-CI^C^)^-*!, 
which gives (4.14) when combined with (4.13). 



□ 



Lemma 18 Let x G E,( G H ± , \( — x\ > d a (x), a > 1. Then 



(4.16) 





-c 




d a (x) 




— X 




C-x 



1/4 



Proof. Let t = 4>±(x),t ± := 4>±((),t^ := T± • Let Ti be the family of all 
closed curves in G± which separate ( and from L ± . Consider 

r 2 = r(c, C*; x, oo; g±) ur b r 3 = r(x, 4; c, oo ; g±). 

According to (2.2), (2.5), and (4.15) we have 



(4.17) 

Moreover, setting 



m(r 2 ) < - log 

7T 



Ca-X 



e - c 



+ c 3 . 



C(r±, r): - < r < |t± - t| 
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by virtue of (2.1) we obtain 



m(r 2 ) = m(0 ± (r 2 )) > m(r 4 ) = —loga\T±-t\, 



which, together with (4.17), yields 

e-c 



(4.18) 



-1/2 



Next, setting T 5 = T(x,x^;(,oo; C) and applying (2.2) we have 



(4.19) 



m(r 3 ) >m(r 5 ) > -Llog 
Ztt 



x — ( 



x — X 



± 



Furthermore, since by (2.19) \t ± — t\ >z l/a according to (2.3) and (2.4) we 
obtain 

m(<f>±(r 3 )) < -\oga\T± -t\+C 4 , 



TT 



which, together with (4.19), implies that 



(4.20) 



x — x„ 



x-C 



h(<T\T±-t\) 



Comparing (4.12), (4.18), and (4.20) we obtain (4.16). 

Lemma 19 Let Zi,z 2 G H ± be such that 

Rz 1 = Jfc 2 = x G E, £sz 2 > Zszi, 
and let t = <f)±(x),w^ = 4>±(z k ), k = 1, 2. Then 



(4.21) 

(4.22) 
(4.23) 



wi-t\* \Qwf\., 
z 2 — x 



w± t 



w^ 1 -t 



Z\ — X 



\wf —t\~< — t\. 



Proof. Let = Xk ± iyt ■ If \t — Xk\ > yu consider 

Ti = ri )fe = {C(i t) r)nH: y k < r < \t - x k \}, 
T 2 = r 2jfc = T(z k ; x, oo; G±), T 3 = T 3tk = T(z k ; x, oo; H±). 



□ 
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Since, by (2.1) and (2.6), 
1 \t-x k 



log- 



= m(ro = m(^±(ri)) < m(r 2 ) < m(r 3 ) < 2, 



yfe 

we have |t — x^l di Uk , which establishes the formula (4.21). 
Moreover, let 

T 4 = F(x, zi, z 2 , oo; G±), T 5 = F(x, z x ; z 2 , oo; H±). 

According to (2.3) 

1 



7T 



log 



wf-t 



wf - t 



< m(0±(r 4 )) = m(r 4 ) 



< m(r 5 ) < - log 

7T 



-22 - a; 



Z\ — X 



+ 2, 



which implies (4.22). 
Next, if \t — wf\ > \t — wf \ we consider 

T 6 = F(x, z 2 ; zi, oo; G±), T 7 = F(x, z 2 ; z ± , oo; H±), 

T 8 = {C(t,r)nH ± : \t-wf \ <r< \t-w?\}. 
By virtue of (2.1) and (2.4) we have 



-log 

7T 



from which (4.23) follows. 



t - wf 



t - wf 



m(r 8 ) < m(0 ± (r 6 )) 
m(r 6 ) < m(r 7 ) < 2, 



□ 



Lemma 20 For z eH± with d(z, E) < 3 , 
(4.24) 

(4.25) I^WIbl. 

Proof. Let u> = w ± = <f>±(z) and let R £ E be sufficiently large. Let x £ E 
satisfy \z — x\ — d(z, E) , tn = <j>±(R) , and let 



fi = F(z; R, oo; G±), T 2 = { lx {r, G±) : 3 < r < R - x}. 
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By virtue of (2.5) we have 



(4.26) 



m(r\) = m(tf±(ri)) < - log 



t R — 



TT 



+ 2. 



Moreover, reasoning as in the proof of (4.5) we obtain 

pR—x 

(4.27) m(r\) > m(r 2 ) = / 

J3 



dr 1 , , „ ^ 

, r , >-log(R-x)-C 5 . 



Therefore, (4.26) and (4.27) yield 



\5sw\ -< 



t R — Ku> 
R-x 



Applying (4.1) and letting R — > oo we have (4.24). 

Next, let iu = it ± iv,£ = £± = i>±(u) . Since by (2.21) \z - f| x d(z,E), 
according to Lemma 5 for T 3 = r(£, z; i?, oo; G±) we obtain 



T 3 ) < mt(\Z-z\,\Z-R\;G±)+C 6 



< -log 



7T 



+ c 6 . 



In the opposite direction, by virtue of (2.3) 



m(r 3 )=m(0 ± (r 3 ))>-log^^. 

TT v 



Therefore, 



y 



t R -u 



d(z,E) -\R-Z\' 
Letting R — > oo and taking into account (4.1) we have 



\£sw\ 



d(z,E) 



y i. 



To complete the proof of (4.25) we have to use the immediate consequence of the 
Koebe 1/4 -Lemma, i.e., the inequality 



\<f>±(z)\ > 



1 \<sw 



> 



1 \$sw 



4d(z,IA) ~ 4d(z,E) 



(see [7, p. 58]). 



□ 
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Lemma 21 Let x e E, < 5 < 1, t — (f>±(x),tf = <f>±(x±i6). Then 
(4.28) \t-if\hS. 

Proof. Let R be sufficiently large and let £r := 4>±(R) ■ According to (2.3) for 
Tx = T(x, x ± i<5; /?, oo; G±), T 2 = T(x, x ± i<5; R, oo; H±) 

we have 

- lo S7^— !t < m(0 ± (r 1 )) = m(r 1 )<m(r 2 ) 

7T |i a -t\ 

1, 

< -log—— + 2, 

7T 

which yields 

5 R — x 
-=z -< . 

\tf-t\ ~ t R -t 

Letting R — > oo and applying (4.1) we obtain (4.28). 

□ 

Next, we improve the inequality (4.28) for points x G E close to the compo- 
nents Jj = (dj,bj) of E* . 

Lemma 22 Under the assumptions and notation of Lemma 21 for x e E such 
that d(x,Jj) < C 5 \Jj\/2 , where C 5 is the constant from (1.5), the following 
inequalities hold. 



(i) If 5 < d(x, Jj) , then 



141 



1/2 



(429) t-^Wj-)) 6 

(ii) If d(x, Jj) < 5 < \ Jj \ , then 
(4.30) \t-tf\ h \Jj\ 1/2 5 1/2 . 

Proof. Let S* := 4>±(Sf) = (a*,b*) . Without loss of generality we can assume 
that x > bj . 



(i) First, we claim that 
(4.31) \t-b*\^{x-b 3 f'V ] \ 1/2 - 
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Indeed, by Lemmas 2 and 5 for the module of the family I\ = F(x, bj] dj, oo; G±) 
we have 

(4.32) m(T 1 ) < m x {x - b v x - a,; G±) + C 7 < log -!^|- + C 8 . 
Moreover, according to (2.3) 



(4.33) m(0±(ri)) > - log -i > - log , 

Therefore, (4.8), (4.32), and (4.33) imply (4.31). 
Next, by virtue of (2.3) for 

T 2 = r(x, x ± i5] bj, oo; G±), T 3 = F(x, bj] dj, oo; H ± ) 

we have 

- lo s4- 4r < m(0 ± (r 2 )) = m(r 2 )<m(r 3 ) 

7T \t — tg ] 

1 , x — bj 
< -log— -^ + 2, 

7T 

which gives (4.29) when combined with (4.31). 
(ii) By Lemmas 2 and 5 for 

T 4 = F(x, x ± i5; dj, oo; G±) 

we obtain 

^(r.4) < m x ((5, x — a^; G±) + C9 

(4.34) < i-log^ + C 10 . 
On the other hand, by virtue of (2.3) and (4.8) 

(4.35) m(0 ± (r 4 )) > - log 1- > i log -^L _ 

7T \t — tg I 7T |t — I 

The inequalities (4.34) and (4.35) imply (4.30). 



□ 



In the proof of Theorem 2 we need the following immediate consequence of 
Lemmas 13, 14, 21, and 22. Let x £ E,0 < 5 < 1, w — <p(x),ws = 4>{x + i5),t = 
(f)±(x),tf — (j)±(x ± i5) . Then 

(4.36) \w-w s \l\t-if\. 



28 



5. The Extension Operator for an Antiderivative 



Let / G BC*(E) . We continuously extend / to R such that on any compo- 
nent Jj of E* it is a linear function. By the Lagrange formula for x G Jj , 



This clearly forces 
(5.1) 



bj - dj 



C(R) 



ft \ X ~ h 3 



'1 1 r 

bj-aj 



C{E)- 



< 



\\f\\c(E). 



Furthermore, let x±,X2 G E and ^1,^2 G R satisfy x\ < £1 < £2 < ^2 ■ For 
k = 1,2 consider points 1^ G E fl [xi, rr 2 ] such that |6 — i/fc| = d(6> E) . Then 

1/(6) -7(6)1 < + + 

(5.2) < 3c<j(diam 0([xi, x 2 ])). 

Consider 

:= / /(i)df (x G £). 

Our next objective is to continuously extend F from E to C . The procedure 
described below is a modification of the corresponding constructions from [20] 
and [9] (see also [7, pp. 13-15]). 

Lemma 23 ([20, Chapter VI]). There exist a collection of closed squares Q k C 
C \ E, k G N with sides parallel to the coordinate axes, and a set of infinitely 
differentiable (with respect to x and y ) functions /i k ( z ) — Hk{ x + w) satisfying 
the following properties. 

(1) U k Q k = C\E. 

(ii) diam Q k < 2d(Q k ,E) < 8 diam Q k . 

(Hi) Each point z G C \ E is contained in at most 144 of the squares Q k . 

H J2 k Vk(z) = 1 (zeC\E). 

(v) fi k (z)=0 (zeC\Q k ). 

(vi) For r, I G N such that r + I < 1 we have 

d r+l n k (z) 



dx r dy l 



< (diam Q k )~ 
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Let for x G E and z G C , 

P x (z) = P x j,e(z) ■= Hz) + fW(z - 

Denote by Xk G E a point with the property d(Qk, E) = d(Q k , %k) ■ The exten- 
sion operator £ is defined as follows: 

f £i^(*K(*), if^c\E, 

I F(z), if 2 G £, 

where J^l means the sum taken over only those squares for which d(Qk,E) < 
1 . Next, we clarify the difference between the sum S' fc and the complete sum 
S fc . If d(z, E) < 1 , then Y/ k = S fc . If d(z, E) > 3 , then for every square 
Qk 3 -2 , by Lemma 23(ii), 

3 < E) < diam Q fc + d(Q h , E) < 3d(Q k , E), 

i.e., T! k does not have any terms at all. 

For brevity, we also use the same notation F for the extension EF . The 
remark above yields 

(5.3) F{z) =0 (z G C, d(z, £) > 3). 

Lemma 24 T/ie function F possesses the following properties. 

(i) F is continuous in C . 

(ii) F(z) = F(x + iy) is infinitely differentiate (with respect to x and y ) in 
C\E and for z G C \ E we have 

uj{\4>{z') - 4>{z' + id(z,E)\), ifd(z,E) < 1, 

\z\\\f\\c(E), ifl<d(z,E)<3, 
where z' G E satisfies d(z, E) — \z — z'\ . 
(Hi) For x G E, z G C, \z - x\ — 5, < S < 1, 

\F(z) - P x (z)\ r< u(\(f>(x) - <j)(x + i8)\)5. 

Proof. Let z G Qk , by Lemma 23(iii) the number of such squares is at most 
144. According to Lemma 23 (ii) for 5k '■— diam Qk we obtain 

(5.4) ± < d(Q k , E) < d(z, E)<5 k + d(Q k , E) < 55 k . 



dF(z) 
dz 
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Furthermore, if Zt G Qk and Xk G E are such that \xk — Zk\ = d(Qk, E) , then 
(5.5) \z' — Xk\ < \z' — z\ + \z — + \zk — Xk\ < 115k < 22d(z, E). 

(i) We only need to show that for any x G E , 



(5.6) 



lim F(z) = F(x). 



By virtue of Lemma 23(iv) for z G C \ E with |z — x\ < 1 we have 

\F{z) - F{x)\ = J2( P * k ( z ) ~ F (x)>k{z) 
k 

which implies (5.6). 
(ii) Consider the linear functions 

L k {Q := P Xk (Q - PAQ (Cec) 
and points u k G E such that 

\u k - z'\ x \u k - x k \ x d(z, £■). 
Since, by the Mean Value Theorem for (i,( 2 e£, 

|P €l (6) - ^(6)1 = 1/(6) - W(ci) + ^/(c 2 ))||6 - 61, 

for some ci and c 2 between £1 and £ 2 , (1-10), (3.6), (5. 2), (5. 5), and Lemma 6 
imply that 

\Lk{x k )\ = \F(x k ) - Pz'{x k )\ ■< ^(diam <j)([x k , z']))\x k - z'\ 
r< tu(\(j)(z') - <f)(z' + id(z, E))\)d(z, E), 

\L k (u k )\ < \P Xk (u k )-F(u k \ + \F(u k )-P z ,(u k )\ 

^ cj(diam (f>([x k ,u k ]))\x k - u k \ + u;(diam (f>([u k , z'\))\u k - z'\ 

r< cu(\<f>(z') -<f)(z' + id(z,E))\)d(z,E), 

where [x k , z'}, [x k , u k ] , and [u k , z'\ are the intervals of R between the appropriate 
points. 

Moreover, by the Lagrange interpolation formula we obtain 



\L k {z)\ < \L k (u k ) 



z - x k 



u k - x k 



\L k (x k ) 



z -u k 



x k - u k 



(5.7) 



r< oj(\<f)(z') -<f>(z' + id(z,E))\)d(z,E). 
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Therefore, if d(z, E) < 1 then Lemma 23(vi), (5.4), and (5.7) yield that 



dF(z) 



dz 



^(F(z) - P z ,(z)) 



(5.8) 



r< u{\<t>{z') -<p(z' + id(z,E))\). 



Let 1 < d(z,E) < 3. Since according to (5.1) 

\F(x)\<\x\\\f\\ c{ E) (xeE) 
and, therefore, for the squares Q k 3 z , 

by virtue of Lemma 23 (vi) we obtain 

d/i k (z 



dF(z) 




dz 





which, together with (5.8), proves (ii). 



dz 



C(E), 



(iii) Since F is continuous in C we can assume that z G C(x,S) \ E . 
Q k 3 z consider the linear functions 

LXQ := P Xk (Q - P X (Q (CGC) 

and points u* k G E such that 

K ~x\- K - x k \ x 5. 

Repeating the reasoning from the proof of the part (ii) we obtain 

\Ll(z)\lu(\<Kx)-(l>(x + i8)\)5. 

Therefore, according to Lemma 23 we have 



\F(z)-P x (z) 
and (iii) is proved. 



±u(\(j>(x)-<i>(x + i6)\)6, 
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6. Auxiliary Entire Functions 



In this section we discuss the construction of certain entire functions of expo- 
nential type. Our reasoning is influenced by [18] and [10, Chapter IX]. 

We start with well-known facts from the harmonic analysis (see, for details [1]). 
Let g G L(R) , i.e., 

IblU(R) := / \g(x)\dx < oo, 
Jr 

and let 

g(t) := -L / g(x)e-**dx (t G R) 
be the Fourier transform of g . 
For a > and s G N such that < s < 99 consider the function 

sin 100 az 
Q«M-=-jm=r (*eC). 

Since <5cr, s G -Eiooa an d J R \Qa,s( x ) \ 2 dx < oo we have 

Q*A t ) = ° (t G R, \t\ > lOOcr). 

Moreover, for t G R , 

9<T,s(t)-= I g(x)Q a , s (t - x)dx = / g(x)Q^ s (x)e ltx dx. 

Jn J-100a 

Therefore, g a>s can be extended to the entire function (for which we use the same 
notation). Since 

1 , 

IM|C(R) < -J==\\g\\L(R) 



2tt 

and | 

\\Qa,s\\c(R) < -^=||<2<7, S ||l(R) < Ci(<T), 



for z G C we have 

(6.1) |<7 ffi8 (z)| < C 2 ( CT ) | b| U(r.) exp(100 CT |^|) 

(cf. [1, p. 134]). 
Let Q a := Q^o • According to (6.1) the function 

9*a, s (t) ■■= / g(x)x s Q a (t - x)dx 



1=0 K ' 



33 



belongs to E 100a . Moreover, for \z\ > 1 , 

(6-2) \g* ta (z)\ < C 3 (a)\\g\\ m) \z\ s eM^Oa\^z\). 

Let / G BC*(E) and let F be defined as in Section 5. For fixed z := 4i let 



Consider the kernel 
where 



\ Q (il>±(w), if w G H±,^±(w) G H ± , 
0, if w G H ± , t/>±(u>) G ELp 

A-(t):=C^J (t€R), 



For ( G G±, (7 > 0, and £ G R set 

Furthermore, for zgC \ G± set 

== o- / K(at) I Ao(C) £ ~ ^ m(CR 

where dm(() means integration with respect to the two-dimensional Lebesgue 
measure (area). 

Lemma 25 The function can be extended to the entire function belonging to 

Ec 4 a ■ 

Proof. By virtue of (4.24) and (5.3) for z G C \ G± , 

e±(z) = a / K(at) / / A ± H|^(«;)| 2 

JR JR JO 
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where w = u±iv and < v o ^ 1 . 
For u G R, < v < v , and < I < j < 8 consider the functions 

A±(w) := A ± (m±w)|^(m±w)| 2 , 



K(at) / A„ (u) . CT — — dwdt 

(V>±(^ ± iv ± L — t) — zy +v 



R JR 



= / / K (£ + *) 1 , i-n — ntti ^ 



(lM£ ± iv ± - 



R (^±(£±™±£)-*) J ' +1 



where 



^(0 := / Kiat^it + Qdt 
Jr 

Jr 

= A±(£ ± m>M(£ ± iv)|V±(C ± 
±/ \ p ± (v) 



(r) ± i) s ' 
By (4.1) and Lemma 24(h) 

iA ± ce±^)i ^ n/iio(^)ie - ^ r 2 , 

and according to (4.25) for £ ± u> such that A ± (^ ± 7^ we obtain 

i^±(e±w)i^i. 

Therefore, by virtue of (4.1) and (6.2) for \(\ > 1 we have 

(6.3) 1^(01 < C 5 (E,a)\\f\\ c{E) \C\ 8 exp(100a\^C\). 

Notice that can be extended analytically from C \ G± to C as follows. By 
(2.19) for z6C with \z\ > 1 we can find r such that 

2\z\ < |-0±HI =< \A (wGH^nC(r)). 
35 



According to (4.1) r < C e \z\ . Then the above mentioned extension is defined by 
the formula 



h±{z) 



l Jr (rl>±(Z±iv±±)-zy+i 

where J r := (C(r) D H±) U (R \ D(r)) . We may now differentiate 9 times to 
conclude that according to (4.1) and (6.3) for < v < v , 



r< exp(100C 6 a|^|). 



Therefore, 



^(z)] r< exp(C 7 a\z\). 



Comparing the definitions of and with the above inequality we have 



□ 



7. Proof of Theorem 2 



Let = 4i and let functions F, P x , Ao, e^, e CT := e+ + e~ be defined as in 
Sections 5 and 6. By (1.10) and Lemma 25 in order to prove (1.11) it is sufficient 
to show that for a > 2 and x G E , 



(7.1) 



f( x ) _ / _ 3e ^) 

[X - ZqY X - Z 

Let for ( G G± and x e E , 



z< |x — zo| 



^ ll/llc(£Q 



i? ± (C,x)= J R^(C,x) :=£ 



i2(C,x)= J R (Tit (C,a;) :=^^(C^), 

± 

d := -D := D(x, d), J := C(x, d), S := : £) < 3}. 

Since for x G E 



i 



(x - z y 



no 



+ 



d( 



+ 



1 fP x (()-F(() ( 1 



+ 



2m J j (C-^o) 3 V(C"*) 2 (C-x)(x-z ) 



d( 
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and according to the Green formula (cf. [7, p. 22]) 



HO 



we have 



(7.2) 
where 



J_ f F( 

= [ A (C)f 



^o) 3 \(C-^) 2 (C-a:)(a;-2o) 

1 



d 1 3 

+ 



dx ( — x x — z ( — x 



dm(C), 



f(x) _ g/ _ 3e CT (x) 



(x - 2 ) 3 



^X^ {^t^ I ^) dt+I5, 



S := {z e C\E : £) < 1}, 



Ao(C) 



H ± ns\s () 



9 



9a; \C — x 



It 




It 




It 




It 






1 


h'.= 






2tH 



- / A (C)|-i? ± (C,x)rfm(C), 



dm{(), 



R ± ((,x))dm((), 



'H±nD 



Ao(C) 



— z o Jh+d 



R ± ((,x))dm(0, 



-n ./II . D 

1 fP x (()-F((){ 1 



+ 



(C-^o) 3 V(C-^) 2 (C-z)(z-*o) 

According to Lemma 4 for ( e G± and x <E E , 



d(. 



Ca,t C 



Ctt x 



ct c 



(7.3) 



d (l+^l) 8 



Cr.t X 
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(7.4) 



Ca,t ~~ x 



i{i + *\t\y 



Since by Lemma 6 for ( e H ± and x e E , 

\(-x\± \C-x\ 

and 

1 -/r( C ..r) 1 ^ 



C- a: 
dx 



C ^ \Cr,t x / 



Cr,t C 



X 



9 - O 9 

c-*(ci-*) 10 ' 



according to (7.3), (7.4), and Lemma 18 for ( e H± nE\£) we have 



(7.5) 



(7.6) 



1 



C - X 
l 



<9x \ ( — x 



-< 



\C-x\ \\(-x 



d 



9/4 



(1 + ^1 



\72 



-< 



\(-x\ 2 VIC — ^ 



d 



9/4 



(1+^1) 
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Moreover, by virtue of Lemmas 4 and 17 for ( e H ± n -D , 

l£-CI' , (i + ^l) 68 



(7.7) 



(7.8) 



, (u nlflV 2 v ie-cp , (i+^i) 72 



According to (1.10), (4.36), and Lemma 24(ii) we obtain 

|Ao(OHC-^o| 3 ^ 
u(\<f>±(x) -<l>±(x±i\x-{\)\), if C e H± n s , 
ICIII/llo(B), ifCeH ± ns\s . 

Next, applying (7.5)-(7.9) we estimate each of the integrals 



(7.9) 



a / K(at)I±dt 
Jr 



(1 = 0,. ..,4) 
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from above. 
Since by (4.21) and Lemma 21 

(7.10) d^a- 1 

and 



J± \\f\\c(E) f 

- ^ L 



1 + 1 ^ dm(C) 



/ H± nE\E \\C-X\ \X-Z \J |C-^ |2|C-x|13/4' 

dividing the set of integration into subsets 

Uf : = H ± n(S\S )nL) (x, hx-zo 



2 

U£ := H ± n(E\E )n J D(x,2|x-z |)\C/i t , 

uf ■= n±n(E\E )\(u±uu£), 

and passing to the polar coordinates with the center either in x or in z we 
obtain 



(7.11) J* i 



I/I|C(E) 



3 ' 



To deal with Jf , we note that by virtue of (1.10), (4.22), and (4.23) 



u(\<l>±(x) -cf) ± (x±i\x-(\)\) ^ 



4>±(x) - (f>±(x ± i\x - C,\) 



^(x) — (j>±(x ± id) 



u(\(f)±(x) - (f)±(x±id)\) 
Therefore, according to (1.10) and (2.19) 

dm(C) 



-< 



\x-C\ 



/ H±ns \_D |C-^o| 3 |C-*| 13/4 ' 
Next, dividing the set of integration H ± n S \ D into subsets 

:= H±n (E \D) nD (x, J|x-2 



2' 

K± := H ± n(E \ J D)n J D(x,2|x-z |)\y i ± , 

k± := H ± n(E \D)\(y 1 ± uy 2 ± ) 

and passing to the polar coordinates with the center either in x or in zq as well 
as applying (7.10) we obtain 

(7.12) If ■< u (^j \x-z \- 3 . 
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In the same manner we can prove that 
(7.13) if ■< u ( - ) \x-z \-' s . 



a 



In order to estimate If and If we note that by (2.19) and (4.13) for ( G H±(~)D , 

\<p±(x) - (f)±(x ± i\x — CI) 1 ^ 

G 

\£-C\hd. 

Therefore, 

(7.14) if < to (^j \x - z \- 3 d- 2 J dm(() ^ u (^j \x - z \- 3 , 

(7.15) If r< to (^j \x-z Q \- A d~ l J dm(() ^co(^J\x- z \~ 3 . 
Furthermore, (4.36) and Lemma 24(iii) imply that 

|/ 5 | r< w(-) \x-z \- 3 d [ + - i -W| 



(7.16) r< w - |x-^ |- 3 . 



o-y ' ' 7jVlC-a;| 2 IC-a;|k-^o| 
1 



(T 



Comparing (7.2) and (7.11)-(7.16) we have (7.1). 



□ 



8. Proof of Theorem 3 

We adapt to our case the standard procedure of proving inverse theorems. Let 
xi,X2 G E be such that x\ < x 2 and let 5 := Pe(xi,X2) ■ Since 

|/(x 2 )-/(x 1 )|<2||/|| c(E) , 

we can assume that < 5 < 1/2 . 
Let efc G i?2* , fc G N satisfy 

||/-e fc ||c ( E) <2cu(2- fe ) 

and let 

g k (z) := e k+1 (z) - e k (z). 
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Chose m G N such that 

2 -m-l < S < 2 - m 

Since 

f(x 2 ) - f(xi) = [f(x 2 ) - e m {x 2 )\ - [f(xi) - e m (xi)] 

m— 1 

+ e (x 2 ) - e Q {x 1 ) + ^[^(x 2 ) - g k (xi)], 

k=0 

we have 

/xi m—1 
\e' (x)\dx + J2 / \9' k {x)\dx. 
-i fc=0 

Furthermore, since for x E E and = 0, . . . , m — 1 , 

|eo(x)| < \f(x)\ + \f(x)-e (x)\ < + 2w(l), 

k(x)| < |e fe+1 (x) - + - e k (x)\ < 4cu(2- fe ), 
by the Phragmen-Lindelof theorem (see [13, VIIIA]) for z G C , 

(8.2) |eo(z)| < (||/|| c(£) + 2a;(l))exp(C 1 |^)|), 

(8.3) \g k {z)\ < 4cu(2- fe )exp(C 1 2 fc+1 |S0(z)|), 

where is the Levin conformal mapping extended to H_ by the formula 



<t>(z) := <f>(z) (z G H_). 

Let for x G E , 

£± := G H ± : ±90(*) = 5), P<5 (x) = Ef). 
According to (3.5) for x G E and < t < T , 



pt{x) ~ r 

Since by (1.7) 

x 2 - xi < 6 3 d < — 
and according to (3.4) and (8.4) 

2(x 2 - x x ) < p C s{xi), 
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by virtue of (1.10), (3.1), and (8.2)-(8.4) for xi < x < x 2 we have 

A7r J\z-xi\=C 3 \ Z ~ X \ 

Therefore, 

(8.5) / \e' (x)\dx±8\\f\\ c{ E)+u(8), 

J x^ 



k=0 Jxi k=0 11 v 17 

(8.6) ■< ^2 k -' m uj{2- k ) -< 5 I ^Y-dt. 

Comparing (8.1), (8.5), and (8.6) we obtain (1.12). 



□ 
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